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1,  Introduction A number of interesiing and important consequences
follow ...ne we know that a system has an Increasing fallure rate.

For example, we can obtain moment inequalities and bounds for system
1ife. As shown in [1] we can infer that under certain assumptions
successive intervals between system checks should form a decreasing
sequerce. Also we can compute more readily the optimum pelicy in a
certain planned replacement model [3]. Clearly it would be valuable
to have simple sufficlent conditiore under which a system of components
each having increasing failure rute itself has an increasing faiiure
rate. Ir this paper we obtain such a condition for systems of like
components; for systems of cumponents having differing rclicbilities
we obtain upper and lower bounds which are increasing functions. 1In
addition we obtain more general relationships between system failure

rate and component fallure rates.

2. Basic Theorem for Systems of Identical Components 1n this

section, we assume that the structure consists of independent like
components, with each component 1life distributed according to the
common probability distribution F(t). If at a given instan. of time
eaci; component has rellability p =1 - F(t), then the system

reliability will be designated by L(p) [4].
The main "1lt of this sectlon is

Theorem 1 assume a structure with reliability function h(p).

with each component life independertly distributed accordirg to




distribution & having density f. Then

h! (p) Rgt;

{
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where r(t) = i—:#;%iy = component failure rate at time t, and

P(t) = system failure rate at time t.

5 ‘l' 3 s A
(b) 2;(&§l is a decreasing function of p if and only if Rt
n(p r(t
is an increasing function of tj
1]
(¢) if r(t) 4is an increasing function o ¢ and g = is a

decreasing function or p, then R(t) is an increasing function of t.

Thus result (c) gives a simple sufficient condition on system
structure which will nreserve = monotone failure rate when a system
is constructed out of independent like components. We shall present

an imporhant class of structures which satisfy this sufficient condition.

To nrove (&), let S(t) represent the probabilily of system

i.e., S(t) =h{1 - F(t)). By ceiinition

Q f;z ’gtE
3 f( u) — | . - =0 4 ’
N o p =1- F( t) 1 - F(t

Ip— 1-F{t)

survival past time t3

_b_l
R(t) ——Z n(p
so lhat

%:ﬂ%ﬂ
elel B |p=1-F(t)

establishing (a).



To prove {b), simply nate that p =1 - F(t) 1is a decreasing

function of t.

Finally, (c) is an immediate consequence of (b) and the fact that

p is a decreasing tunction of t.

1y f
An important class of systems for which the condition ;

is a decreasing funetlon of p are the so-called k out of n
structures. Blrnbaum, Esary, and Saunders [4, p. 58], definc a

k out of n stiucture us one that performs if at least k of its n
components perform, and which does not perlform otherwise. Note that

the 1 out of n etructure is the well-known parallel structure

end the n out of n structure is the well-known geries structure.

[7] proves thst & k out of n structure cunsisting of n independent

'
components has a ratio %fl decreasing in p; we give the following

proof. Write

I P
Y=y ny 1 n-i _ Mn 4+ 1) k-1 n-k.
11(1-) = (i)P q = NORCEREE é 771 - t) dt,

LU

i=k

the incomplete Beta function [5, pp. 83-87]. Thus

h(p) lptk-ll-‘i,n-k
= = -— —— dt.
ph'lp) p ﬁ, (p) =7

Letting u = % » we have

1
& k-1,1 - up\n-
ity = § T,




- 1 - up . h(s)
Sirce =——=% is increasing in p, 8o is -Térﬁy o Thus if a
- l) 4 L
k out of n structure is composed of irdependent 1ike components
having an ircreacing failure rate, then the structure itself has an

increasing failure rate.

¥ we note that the time of failure of a k out of n system
A
corresponds to the k™ smallest in sample of u observations,

then an alternate statement cf this result 1s the follcwing:

Suppose Xl < X2 < ove Xn are a sawmple of order steztistics
based on independient obuservallons from a distribution having increasing
faiiure rate. Tnen the distribution of Xi haes an increasing failure

rate, 1 =1,2,...,n.

Actually we can generate new structures which have the property
that E%%%fl is = dscreasing fusctlion, by composition of structures
having this property. Under composition we form a superstructure
each element of which consis's of copies of a given structure. If

h=r(g) wvith g'(p) > 0 then since

ekl _gf! 1
h(p§ fZg; g(p§ ’
vhe property 1s closed under composition.

3. Applications Fur systems composed of independent identical
compeonents each having an exponential failure distribution, the

application of Theorem 1 is particularly simple:



Theorem 2 Given a structure of like components with common
W h e e . At ;
failure distribution F{t) =1 - e ~. Then the failure rate R(t)

of trhe structure has as many changes of cdirection as a furciion of t

)
i
(o)

pnt( . ;
oes % DD as a function of p3; morecver the changes occur in
(1
: .5 g n'
the opposite order. In particular, if Eiféyl is decreasing, then

R(t) is increasing.

Proc” Siree r(t) =\, we have from Theorem 1 (a)

fince p = 1 - F{t) is a decreasing function of t, the conclusions

POy

tollow. ||

From Theorem 2 we see that <ystems composed of like compcnents
having exponential failure aistributions need not have monotonic
failure rates. For example cu:sider the following system composed of
two subsystems in parallel, the first having k components in series,
tae second consisting of a single component. Assuming indepeident

components, each having

e - ——%

I

exponentiel distribution for failure

F(t) =1 -e 7,

we compute the probability S(t) of system survivai psst time t to be

p ; -kt
3(t) =1 = (L -e {1 -e™Y).




Thiis
E(t) = _(i_%)_ D ety ke XV iy 1)e(itlit
B O &y - ‘ ,
S ot 4 o kF _ (KD
and so
- sgn RY(t) = senl(k - 1)7 - kZe~® - o7¥b],

Note that given any integer k > 1, for t =0, the sign is
negative wniie fer . = ®, the sign is positive. Thus the syster

fatlure rate PR(t) 1is not monotonic for k > 1.

lext we use Theorem 1 to make an inforence abcut the system

structure from informaciuun sbout failure rates.

Theorem 3 Assume g system consists of a finite number of

independent components, with reliability function h(p) satisfying

R(L)
r(t

musl be an Integer and the structure must consist of k components in

h(1) = 1. If = k, a constant, for all 01 <, then %

series, with the remeining components, if any, non-esser*ial¥.

‘TR
2roof %-2—3- = k implies %ﬁi = k, by Thecrem 1. Integrating,

we have h(p) = dpk, d a constant. Using the assumption h(1) = 1,
we conclude d must be 1, Thus k(p) = pk. Since the structure con-
sists of a rinite number sf independent components, n(p) must be a
polynomial, and thus k must be an integer. The only finite strmicture
of independent components having reliabilitiy function 1:>k is a series

1

system of k components, with any additional components non-essential¥.

#*A non-essential component 1s one which may be omitted with no effect
on structlure performance.




Incidentally, thc converre is lmmediate. That is, a structure
— ol £ . . R(tY _ . Sl
baving Xk 1ndependent corponents in series must have O Simply
note that

kf1 - Fe) e

{1 - r(t) L2 S

R(t)

where F{:) is the component failure distribution.

4.  Bounds on System Failure Rate for Systems of Non-Identical

Componerts. Now iet us consider a system of n independent components

still being operative at time t, i =1,2,...,n. If h(p) is the
structure reliability function where p = (pl,...,pn), and  S{i) i~
the probability of system survival past time t, and R(t) 4is the

system failure rate, ihen since

s(t) = h{p{*)),

we obtain
& T, dp n
4 ' 8h 3 ok ,
R Gl A~ AL
1=1 9Py 1=1 9P
Hence
ds dn

—
'
*f

Pa
i(t) 8h fi(t) n ;api

n
R{L) = = L =gt = 2 = ). (4.
16 B ) op; ' T-F (8 2 h(p 1

(4.1) states that system failure rate is the inner product of two

vcctors: (1) the vector uwhose 1t coiponent is

p,0h/0p,

=T




. .th : X
ara {2) the vector whose i component is ri(t-) . Lote that the
first veclor is a function of the siructure regardless of component.
failure rates, while tre secord vecior is a function of component
s P

failure rates, ressrdless of structure.

Us*ny (4.1) we may obtain bounis on system fullure rate R{%)

as foliows:

{u pidn/ap* . s 0 {n pibh/api} ) "
{ & p=—ijimin r.(t) <B(t) £ {2 max r,(t 4e2
1= A g =1 P ygen

Fext we shell show that for "k oubt of n" structures the factor
n piat}/api

7 e———— s strieriy decreaaing in earh af n

i: n\B) &lJ"'JL‘n‘

Theorem 4 Let h(p) ©ve the relirbility function of & "k out

of n" structure of independent compornenii. Then

n pim./ap N

W = 2wy
18 striztly decreasing in 0 ¢ Py <1, 1=1,2,...,n.
Proof  Wc may expand h(p) as
h(p) = pih(li,p_) + (1 - pi)h(oi,g),

where 'n(li,g) is the conditional reliability given the :I.th component.

is operating, while ‘n(-_"-i,g) is the conditional reliability given the
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% ‘ q
{7 compamient has failel., It follows that

Oh Y SETEP TN -

e n(l Y, - h(v ,2) =Sl Aj von - 1] -P[.LXJ > k]

"1 ” - S J#H
- . .. :th
wiigre X, = 1 or U accomldng ac i component is operating or

-— IO U K 4
dp; Cidi v

Thus
! AL n

IR - R O 1, 3%, =% - 1] = XP[3X, = k]

since each term used in computing EXJ = k will occur exactly k
n

times in computing & P{Xi =1, X =k -1].

<
-

It will thus be sufficient to prove

p[zx, =

4

i
Pl2X k]
j 2
iez striectly decreasirg in p,, 1 =12,2,...,n, o1 equivalently, that

P{2X. > k + 1]
A L

—ﬁ
L Xij

is strictly increassing in p,, 1 - 1,2,...,n. This is equivalent to

proving that for Py < pi'



10

PIS¥, > k + 1]|p.; P{zxj >kt l!p{j'
o> '
r[zxj > hlpi] P[sz > k}p{}
PPl X, >kl +qPl =X, >k+1) p!P[Z X, Dk] +q/FlZ2X, D>k +1]
56 S < 1, - i o < | ;=
it i#Y i A
p. Pl X, >k -1l +q Pl X, >kl p'P[Z¥, Dk -1] +qtP[ =X, > k]
1 e - 2 0 hd s s ds i 3 -
# e #? !
P[ ; )(_.I > k] P[ ; X. >k + 1]
A T2,
= 1 _ pl¢ J g
(psaf - pj1y)
03 AR 3
P(-.-J: J k= ] P[-B-Xi > k]
] oI+ JoT
But p;af - pfgy < 0. Also p{ X, = k] 1s totally positive of orger

.
A

it
infini*y in differences of k [é&
1s non-negativej actually it can be proven positive.

conclusion follows. ||

[}
] so that the determinant just abcve

Thus the desirec

Thus for k
failure rete R(1)

are strictly

out of n structures we may Lracket the system

from bclow and above by a palr of boui ic which

increasing if component failure rates are incr.asing.
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